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Abstract. Let ^: X ^ E ^ B he a, fibration of simply connected GW com- 
plexes of finite type with classifying map h: B ^ Bauti(X). We study the 
evaluation subgroup Gn{E, X;j) of the fibre inclusion as an invariant of the 
fibre-homotopy type of t;. For spherical fibrations, we show the evaluation 
subgroup may be expressed as an extension of the Gottlieb group of the fibre 
sphere provided the classifying map h induces the trivial map on homotopy 
groups. We extend this result after rationalization: We show that the decom- 
position Gt,{E,X;j) ® Q = (G*(X) ig) Q) ffi (7r,(B) (g) Q) is equivalent to the 



condition (/ij)q = 0. 



1. Introduction. 

The nth GottUeb group G'„(X) of a space X is the subgroup of 7r„(X) consisting 
of homotopy classes of maps g : S^^ ^ X such that the map {g \ Ix)'- S" V 
X ^ X, defined on the wedge, extends to some map F: S'^ x X ^ X of the 
product. Ahernately, G„(X) is the image of the map induced on homotopy groups 
by the evaluation map lo : auti(X) — > X, where auti(X) is the space of continuous 
functions homotopic to the identity of X. The definition may be generalized by 
replacing the identity by an arbitrary based map f : X ^ Y: the nth evaluation 
subgroup GniY, X; f) of the map f is the subgroup of 7r„(F) represented by maps 
5: 5" ^ y such that (g | /) : 5" V X ^ F extends to some map F: x X ^Y. 
The generalization provides some functorality in that the map on homotopy groups 
induced by / restricts to a map /j : Gn{X) Gn{Y, X; /). On the other hand, it 
is well-known that the Gottlieb group fails to be a functor since, generally, a map 
f:X^Y does not yield a homomorphism : G„(X) G„(F). 

The Gottlieb groups Gn{X) play a well-known role in the homotopy theory of 
fibrations with fibre a CW complex X of finite type. Notably, the result of Gottlieb 
[3 Th.2] identifies G, (X) as the image of the connecting homomorphism in the 
long exact homotopy sequence of the universal fibration with fibre X (see diagram 
below). In this paper, we investigate the role of the more general evaluation 
subgroups for the homotopy theory of fibrations. 

Let 5^: X E ^ B he a. fibration of simply connected CW complexes of finite 
type. Wc consider the homomorphism Ju : G„(X) Gn{E,X;j) induced by the 
fibre inclusion of ^. By the universal property of the Gottlieb group mentioned 
above, restricting the homomorphisms in the long exact homotopy sequence of ^ 
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yields a sequence of groups and homomorphisms 

(1) ^^„^^(s)^^G„(X)^i^G„(£;,X;j)^^7r„(B) . 

We call ^ the Gottlieb sequence of the fibration ^. In general, it is not exact. Our 
overriding purpose in this paper is to show that exactness properties of the Gottlieb 
sequence represent an interesting measure of the relative triviality of the fibration. 

Successive compositions of maps in the Gottlieb sequence are zero, since they 
are restrictions of those in the long exact homotopy sequence of ^. Thus we may 
consider homology groups at each type of term. We focus on the generalized eval- 
uation subgroup terms and define the nth Gottlieb homology group of ^ to be the 
subquotient 

^rr (f-. ^ kerfa: G.,{E , X ; j) ^ 7r.,{B)} 
"^^^ im{jr.Gn{X)^Gr.{E,X;j)} 

of Gn{E, X; j) C TTn{E). As we shall see, the Gottlieb homology detects the non- 
triviality of the fibration in the sense of fibre-homotopy type. We say the fibration 
^ is Gottlieb trivial in degree n ii ^ breaks into a short exact sequence 

(2) ^Gn{X)^^Gn{E,X;j)^^7r,,{B) -0 

in degree n, and Gottlieb trivial if this occurs in all degrees n > 2. 

Recall that a fibration ^ as above is classified by a map h: B ^ Bauti(X), 
where Bauti(X) is the classifying space of the monoid auti(X) in the sense of 
Dold-Lashof |3] (see PEIE]). Our main results relate the notion of GottHeb 
triviality to the vanishing of the homomorphism induced on homotopy groups by 
the classifying map of the fibration. In Section |21 we make some observations in 
ordinary homotopy theory that relate the behaviour of the Gottlieb sequence with 
that of the classifying map. We then prove that a spherical fibration is Gottlieb 
trivial whenever /ij = fTheorem l2.5|l . 

In Section 01 we obtain a complete result in this vein within the framework of 
rational homotopy theory. We prove that, after tensoring with the rationals, the 
Gottlieb sequence of a fibration with fibre an arbitrary finite complex splits as in 
^ if and only if the homomorphism induced on rational homotopy groups by the 
classifying map is trivial ('Theorem l4.2|l . This result depends upon a description of 
the map (/ij)q in terms of derivations of the Sullivan model of the fibre. We give 
this description in Section O The key step here comes from a close study of the 
holonomy action of a fibration. This description of (/i(t)Q f Theorem 13.211 fits the 
classifying map into the framework developed in |15| . whereby chain complexes of 
(generalized) derivations of Sullivan models are used to describe the rationalized 
evaluation subgroups. 

Remark 1.1. The Gottlieb sequence of a fibration £^ : F ^ E ^ B is a, special case 
of the G-sequence of a map as developed and studied by Lee and Woo (cf. 14 ). We 
have elected to focus on the Gottlieb sequence of a fibration since the construction 
is direct and avoids consideration of the relative term which occurs in the general 
G-sequence. However, the results of this paper may generally be rephrased in terms 
of the G-sequence and the a>-homology of a map. In particular, our definition of 
the Gottlieb homology corresponds to that of the w-homology group H^''{E,X;j) 

m 
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2. First Results in Ordinary Homotopy Theory 

Here and throughout, aU spaces wiU be assumed to be based CW complexes of 
finite type. A fibration ^: X ^ E ^ B wih be a Hurewicz fibration p. 66]. The 
map j will usually denote the inclusion of the fibre X — p^^{bo). However, by |H1 
Prop. 1.4], the evaluation subgroups are homotopy invariants of a map and so we 
may, when necessary, assume j is only a fixed equivalence from X to the actual fibre 
over the basepoint. We will write d: U,B X for the connecting map in the Puppe 
sequence for ^ |22l Th.III.6.22]. After the identification TTn{^B) = 7r„+i(i?), d in- 
duces the connecting homorphism : 7r„+i(i3) — > 7r„(X) in the long exact homo- 
topy sequence for ^. We let dao '■ f^B auti(X) X and du ■ SIB auti(X) auti(X) 
denote the connecting maps in the universal X-fibration X UX Bauti(X) 
and the universal principal auti(X)-fibration auti(X) — + Uauti{X) Bauti(X), 
respectively. By results of Gottlieb |H1 §4] and Dror-Zabrodsky Hi Prop.4.1], we 
then have the following homotopy commutative diagram 

(3) flB ^-^^mautiiX) ^ ^auti(X) 



X. 

The Gottlieb sequence is an invariant of the fibre-homotopy type of ^. Precisely, 
say two group homomorphisms (j): Gi — > 6*2 and ■;/;: Hi —>■ H2 are equivalent if 
there are isomorphisms 9i: Gi — > Hi such that -0 o ^1 ~ 02 ° 4>- This notion of 
equivalence extends in an obvious way to any sequence or commutative diagram 

of groups and homomorphisms. Suppose ^1 : Xi ^ Ei ^ B is fibre-homotopy 
equivalent to ^2 : ^2 ^ ^ -B O p.lOO]. Using Prop.1.4] again, we obtain 
that the equivalence between long exact homotopy sequences induced by the fibre- 
homotopy equivalence preserves the evaluation subgroups and thus restricts to an 
equivalence of Gottlieb sequences. 

We next observe that Gottlieb triviality fits properly between two familiar no- 
tions of the relative triviality of a fibration. Say X ^ E ^ B is fibre-homotopically 
trivial if ^ is fibre-homotopy equivalent to the product tt: X B x X ^ B . Say ^ 
is weak-homotopically trivial if d:/^ = 0: Tr„+i{B) — > 7r„(A") for all n. 

Theorem 2.1. For any fibration we have the following implications: 

fibre-homotopically trivial Gottlieb trivial weak-homotopically trivial. 
Furthermore, each of the reverse implications fails. 

Proof. An easy direct argument shows that a trivial fibration is Gottlieb trivial (cf. 
|23[ Cor. 13]). The first implication follows from this and the fibre-homotopy invari- 
ance mentioned above. For the second implication, note that surjective implies 
= 0. A separating example for the first implication is given by Example 12.21 
Separating examples for the second are given by Examples l2.6l and l4.4l □ 

Example 2.2. Let ^ : G ^ E ^ B he a. principal bundle with structure group 
G. It is well-known that the Gottlieb groups of G coincide with the homotopy 
groups of G. This identity extends to the evaluation subgroups Gn{E,G;j): For 
let a : 5" — > E' represent an arbitrary homotopy class. Following Steenrod |^ 
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§8.7], consider the principal map P : G x E ^ E induced by the action of G on the 
fibres oip: E B. Define F: S'' xG E by F{s,g) = P{g,a{s)). It is easy to 
check F extends {a\j): S"" V G — > i? to the product and the claim follows. Thus 
for principal bundles the Gottlieb sequence coincides with the long exact homotopy 
sequence and we have Gottlieb trivial is equivalent to weak-homotopically trivial. 
The above analysis holds as well for principal iJ-fibrations as in 3 . We thus obtain 
Gottlieb trivial fibrations which are not fibre-homotopy trivial by considering, for 
example, the (nontrivial) stages in the Postnikov decomposition of a space. 

Given a fibration X ^ E ^ B with classifying map h: B ^ B auti(X) recall 
that ^ is fibre-homotopically trivial if and only if h is nuU-homotopic. The weaker 
condition = is thus an approximation to f being fibre-homotopically trivial. 
In what follows we compare this condition to Gottlieb triviality. We begin with the 
following general fact. 

Theorem 2.3. Let X ^ E ^ B be a fibration of simply connected, finite type 
CW complexes with classifying map h: B ^ Bauti(X). Then we have 

Pi{Gn{E,X;j)) D kerihf. tt^{B) ^ 7r„(B auti(X))}. 

Proof. Let a: S"^ ~> B represent a homotopy class in 7r„(_B) with hf{a) = 0. Let 

X C E* S"" denote the pullback of X ^ E ^ B hy a: S"^ ^ B and a* : E* ^ E 
the fibre map covering a. By hypothesis, the composition /i o a : 5" ^ Bauti(X) 

is homotopically trivial. This means X ^ E* ^ S" is fibre-homotopically trivial. 
We thus have a fibre-homotopy equivalence H : S"- x X ^ E* giving a commutative 
diagram 

X 




Define a lifting a: S"" E hy a = a* o H o ii. To see a represents a class in 
Gn{E,X;j) define G : S'^ x X E hy G = a* o H and observe that G extends 
(a \ j): S'' V X ^ E to the product. □ 

As a consequence, we obtain: 

Theorem 2.4. Let X E ^ B be a fibration of simply connected, finite type 
CW complexes with classifying map h: B ^ Bauti(X). Suppose hf^ — 0: 7r„(i3) 
7r„(B auti(X)) for some n > 2. Then j# : Gn~i{X) Gn-iiE, X; j) is injective 
andp^: Gn{E, X] j) — > T:n(B) is surjective. 

Proof. Our hypothesis and the factorization d = doo ° given by Q imply 
JU : 7r„_i(X) — > 7r„_i(£') is injective and so the restriction of to Gn{X) is also. 
Surjectivity is direct from Theorem 12. 31 □ 



Focusing on the case of a spherical fibration, we obtain the following result: 
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Theorem 2.5. Let ^: ^ E ^ B he a fihration with classifying map h: B ^ 
Bauti(5''=). Suppose /ij = 0: 7r,(B) ^ 7r,(Bauti(5'=)) for i — n,n + 1 and n + k. 
Then the fihration ^ is Gottlieh trivial in degree n, that is, we have a short exact 
sequence 

Gn{S'^) GniE, S>';j) • 

Proof. By Theoreni l2.4l it suffices to show GHn{£,) — 0. Let (3: S" E represent a 
homotopy class in kerjpu : Gn{E, S'';j) 7r„(i3)}. Because f3 represents an element 
of Gn{E, S''-j), we have a map G: S"" x S'' ^ E that extends {(3 \ j) : S"" V 5''= ^ 
E. Since p o {3 ^ *: S"" ^ B, and since ^ is a fihration, we may choose a class 
a: S" S'^ such that j o a ^ f3. We need to show that a G G„(S'''), that is, 
we must produce a map F : S"- x S'^ ^ S'' that extends (a | 1) : 5" V S**^ — > S''. 
Let 77: 5"+'=-! ^ 5" V S"*^ denote the Whitehead product map 77 = [i„, ik], which 
gives the cofibre sequence A 5*" V S'' S" x S'^. We have a commutative 

diagram 

gn+k—l 



(a\l) 

S" V S'' ^ 5"= 

F 

S"" X 5"= —7^ E 

in which jo[a\l)or}^GoJor]^:¥. As observed in the proof of Theorem [231 
we have : TTn+fc— i 

{S'') TTn+k-iiE) injective. It follows that (a | 1) o 77 
*: 5"+'^-! S'' and hence that there exists an extension of (a | 1) to a map 
F: S" X S'' S'' as desired. □ 

The following example is primarily intended to separate Gottlieb trivial from 
weak-homotopically trivial. It also illustrates that, at least under rather restricted 
circumstances, converses of Theorems 12.31 ITU and mav hold. 

Example 2.6. We claim that there is a fihration ^ E ^ that is weak- 

homotopically trival but not Gottlieb trivial. Specifically, p^: G3{E, S^; j) 
713(3^) will not be surjective in our example. First observe, that any fihration 

S"" ^ E ^ S" must be weak-homotopically trivial (at least). Indeed, it must 
have a section a: S"' — > E. This follows, since the connecting homomorphism 
9# : 7r„(S'") 7r„_i(S'") = is necessarily trivial, and so p# : 7r„(i?) 7r„(S'") is 
surjective. Choose a to be any element of 7r„(i?) for which p#{cr) = 1 G 7r„(S'"). 

Next, any fihration S'' ^ E ^ satisfies 

Pi{Gn{E, C ker{/ij: 7r„(^") ^„(Bauti(5"))}. 

Together with Theorem 12.31 this shows that pj(G„(i?, S""; j)) = kerj/ij} in this 
case. For suppose that we have a — p#{(3) for a G 7r„(S'") and 13 G G„(i?, S""; j). 
Then there exists some G : S"" x S"" ^ S"" that extends (/? | j) : 5" V S"' S*". We 
now argue that, without loss of generality, we may assume that poG — aopi: S'"x 
S"- ^ S", where pi : 5" x S"" — > S"" denotes projection onto the first factor. The 
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cofibration sequence 5*^" ^ — > 5*" V 5*" ^ 5" x 5" gives rise to a diagram of Puppe 
sequences 

£;] ^ [5" X 5", £;] ^ [S"* V 5'", E] 



[5" X S'",S'"] 



[5"" VS'",S'"], 



in which the left-hand terms act on the middle terms in the usual way. Since 
p o G and a o pi both map to the same element in the lower right set, we have 
aopi = (p o G)'^ for some 7 e 7r2„(S'"). Since we have the section cr, we may write 
7 = p*(T*(7) and so we have a o pi = [po G')p»°'*(7) — p*(G"^*^'''^). That is, we may 
replace G by G"^'(t) to obtain a map that extends (/? | j) : 5" V S"" ^ S"" and also 
projects under p to a o pi. Finally, consider the puUback of the fibration ^ over 



a. This gives a fibration ^ : 5" ^ E* 
Bauti(S'"). The maps G: 5" x 5" - 
p o G = a o pi define a map / : S"' x 5" 
commutative diagram 

5" — 



5" with classifying map h o a: S*" ^ 
and pi : 5" X 5" S*" that satisfy 
E* into the puUback. This map gives a 



gn 



S" X 



E* 



gn 



Since this displays the induced fibration ^* as fibre-homotopically trivial, it follows 
that its classifying map ft, o a is nuU-homotopic. 

To complete our example, it remains to identify a specific instance in which 
: 7r„(5") 7r„ (B auti(S'")) may be chosen non-zero. For this, take n = 3. 
We have 7r3(Bauti(S'3)) 9i 7r2(l7Bauti(5'3)) ^ Tr2{map{S^,S^;l)). Since 5^ is 
an ff-space, the evaluation fibration map^(5'^, 5'^; 1) map(5'^, S*^; 1) ad- 
mits a section and it follows that 7r2(map(S''^, S''^; 1)) = 7r2(map^,(S''^, S''^; 1)). Us- 
ing again that is an 7J-space, we have a well-known homotopy equivalence 
of components map^(S''^, S''^; 1) ~ map^(S'^, 5^; 0) and it now follows by standard 
methods that 772 (map ^,(5'^, 5^; 0)) = tt5{S^) = Z2. In summary, we have com- 
puted that 7r3(Bauti(S''^)) = Z2. Choose h: Bauti(5'^) to represent the 
non-trivial element. This is the classifying map of a weak-homotopically trivial 
fibration ^ E ^ that is not Gottlieb trivial, as claimed. 



We complement this result with 



By Uni Cor. 2. 2], G„(52) ^ 7r„(5'3) for aU n. 
the following: 

Example 2.7. Let 772 : S'^ S"^ denote the Hopf map. We claim Gn{S'^, S^; 772) = 
7r„(S'2) for all n. Write k: S'^ ^ BS^ = K[1j, 2) for the classifying map for 772 viewed 
as a principal S'^-fibration. Converting to a fibration, we obtain an 5''^-fibration 

^ : ^ 5*2 X(Z, 2). By TheoremEU ^ is Gottlieb trivial in degrees n > 2. We 
check directly that ^ is Gottlieb trivial in degree 2 as well. For note that G2 {S^) = 0, 
while the Whitehead identity [t2,'72] — implies G2{S^ ^ S^\rj2) = t^2{S'^) and so 
fcj : G2{S^, S'^;j) — *■ tt2{K{Z, 2)) is an isomorphism. 



THE EVALUATION SUBGROUP OF A FIBRE INCLUSION 



7 



3. Derivations of Sullivan Models, the Holonomy Action and the 

Classifying Map 

In this section, we describe the map induced on rational homotopy groups by a 
classifying map for a fibration, in terms of certain chain complexes of derivations 
of Sullivan models. We first introduce some notation for working in Sullivan's 
differential graded (DG) algebra framework for rational homotopy theory, for which 
our general reference is 6^. 

By a DG algebra we mean a pair A, d where A is a connected, commutative graded 
algebra over Q. The differential d increases degree by one. We write e: A ^ Q for 
the augmentation and for the augmentation ideal. When appropriate, we will 
view Q as the DG algebra concentrated in degree with trivial differential and e 
as a DG algebra map. A nilpotent, finite type CW complex X admits a Sullivan 
minimal model Aix,dx which is a minimal DG algebra. Writing A4x = AF 
for some graded vector space V, we recall that if A is a simple space (that is, 
the fundamental group of A is abelian and acts trivially on the homotopy groups 
of A) then the rational homotopy groups of A are recovered by V. Specifically, 
given graded spaces V and W, let Hom„(y,W^) denote the space of linear maps 
between the graded spaces V and W reducing degrees by n. We then have Sullivan's 
isomorphism 7r„(A) (g) Q = Hom„(y, Q) W Th.15.11]. A map of spaces f : X ^ Y 
has a minimal model which is a map of DG algebras A4 / : Aiy -Mx- 

Let A, dA and B, ds be DG algebras and 0: A —* B & DG algebra map. We say 
9 £ Hom„(j4, B) is a (p-derivation of degree n if 9{xy) = 6{x)<j){y) — {—l)^^''^(j){x)9{y). 
Let Der„(j4, B; (/>) denote the vector space of ^-derivations of degree n, for n > 0. 
Define a linear map D^: Dein{A, B; cj)) Der„_i(yl, i?; 0) by D^{9) = ds ° 9 — 
{-l)\'^\9odA. ThenT)eT:^{A,B;(j)),D^ is a chain complex. We write Hn (Der(A, B;(j))^ 
for the homology in degree n. 

Given a map f : X F, let map(A, Y; f) denote the path component of / 
in the space of (unbased) continuous functions from X to Y. When A and Y 
are simply connected with A a finite complex, we have 7r„(map(A, /)) (g) Q = 
Hn{T)eY{MY-,Mx]Mf)) for aU n > 2 [THI Th.2.1]. We recaU this identification 
and describe a minor extension here. 

Given F: B ^ map(A, F;/) with B a simple CW complex of finite type, we 
describe the map induced by F on rational homotopy groups. Let T: B x X ~>Y 
denote the adjoint map so that J- oi2 ^ f where i2 : A ^ i? x A is the inclusion. 
Write Mb = AM^ and Mx = AF. Then Mr- My ^ Mbxx = A(VF © V). 
Fix a homogeneous basis W — Q(wi, W2, . . .). Given x G J^y, we may then write 
Mjr{x) = Mf{x) + Y^j^ji^iix) + Ajr{x) where i)j G Hom|^,^ | (Aly , A4jf ) and 
Ajr[x) is in the ideal of K{W © V) generated by the decomposables of KW . A 
standard check shows that each 'ipj is an M /-derivation and a cycle. We define 

^F - Homely, Q) ^ H^{I}ci{MY,Mx;Mf)) 

by setting ^ F{w*j) = (V'i) and extending by hnearity. Here w* G Hom|u,^|(W, Q) 
denotes the dual of the basis element Wj. 

Theorem 3.1. Let f : X ^ Y be a map between simply connected CW complexes 
of finite type with X finite. Let F: B map(A, K;/) be a given map with B a 
connected simple CW complex of finite type. Then, with notation as above, we have 
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commutative diagrams 

7r„(B) Q [ff}^ 7r„(map(X, F; /)) - 

Hom„(VK,Q) ^^i7„(Dcr(Xy,Xx;A^/)) 

/or all n > 2. In the case X — Y and f = 1 the result holds for n = 1 as well. 

Proof. The map $ / is defined in the proof of ^1 Th.2.1] by following the procedure 
above with B = S" but replacing the minimal model of 5" with its rational coho- 
mology. The map $b corresponds to the case B = S^,X = * and Y = B is readily 
seen to be Sullivan's isomorphism, as recalled above. Compatibility with is thus 
direct from definitions. For n > 2 the fact that is an isomorphism is ^| Th.2.1]. 
When n — 1, the map extends to a well-defined set map and is a surjection ^1 
Th.2.1c], but will not generally be a homomorphism in degree 1. When Y — X and 
f — 1, however, the multiplication in 7ri(map(X, X; 1)) is induced by the multipli- 
cation in map(X, X; 1), which is an i?-space under composition of maps. Thus, the 
adjoint of the product of two classes a, /3 : map(X, X; 1) is given by 

Axl , , r 
xX ^ X xX ^ X 

where r(zi, Z2, x) — (a(zi) o I3{z2)) (x). Since I: X ^ X is a two-sided identity in 
map{X, X; 1), we have T o [ii,l) — A and F o (12, 1) = B, where A and B denote 
the adjoints to a and f3, respectively, and ii,i2- — > S"^ x are the inclusions. 
It follows easily from this that $y is a homomorphism in degree 1. Injectivity then 
follows by the argument in 15, Th.2.1] which only requires $/ a homomorphism 
to extend to n = 1. □ 

Now fix a fibration ^: X E ^ B oi simply connected finite type CW com- 
plexes with X a finite complex and with classifying map h: B ^ Bauti(X). We 
are interested in describing h at the level of rational homotopy groups and so we 
may consider Uh: VLB — > r2Bauti(X). Using the equivalence du'- riBauti(X) 
auti(X) — map(X, X; 1) we obtain a map 

(4) H ^ du oVth-.VLB ^ map(X, X; 1) 

which fits the setting of Theorem 13. II Recall that the Koszul-SuUivan model of the 
fibration ^:X^£'^_Bisa short exact sequence 

(5) KW.dB^-^ HW ®V),dE^-^ KV.dx 

of DG algebras. The differential ds satisfies dE{w) — dsiw) for w e VF and dE{v) — 
dx{v) e (AVF)+ • A(W^© V) P Prop. 15. 5]. The map P is the inclusion and the map 
J satisfies J{w) — e{w) and J{v) = v. The DG algebras AW, ds and KV, dx are 
Sullivan minimal models for B and X respectively. The DG algebra K{W ® V), ds 
is a Sullivan model for the total space E but is not, in general, a minimal DG 
algebra. Given x G we may then write dsix) = dx{x) + X]j "'i^j(x) + Be{x) 
where Be{x) is in the ideal of A(VF © V) generated by the decomposables in KW . 
Again we check directly that 9j G T)eT:\^.\_i[KV, KV \ 1) and is a cycle. Define 

65 : Hom„(VF,Q) i?„_i(Der(Al/, AF; 1)) 
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by setting Q^{w*) = {9j) and extending by linearity. 



Theorem 3.2. Let ^: X ^ E ^ B he a fibration of simply connected CW com- 
plexes of finite type with X finite and classifying map h: B ^ Bauti(X). Then, 
with notation as above, we have a commutative diagram 



7r„(S) ®( 



•7r„(Bauti(X)) 



■i/„_i(Der(Al/,Al/;l)) 



Hom„(iy,Q) : 

for n > 2. 

Proof. The map is obtained by precomposing from Theorem 13.11 with 
the identification 7r„(B auti(X)) (X)Q = 7r„_i(map(X, X; 1))(X)Q. Let W denote the 
desuspension of W so that tt* (QB) Q = Horn* (W, Q) . Define 6^ : Hom* (W, Q) 
H4Dct{AV,AV; 1)) by e^{w*) = e^iw*). We show *h = 9^; the result follows. 

We first argue that the adjoint H : ilB x X ^ X of the map in I^J is homotopic 
to the holonomy action = so ° *o of ^ as defined by the following diagram: 

flB X X 



-He 



Here, with notation as in j6| §2], MB is the space of Moore paths on B with qq, qi 
evaluation at and the length of the path, respectively, PB the subspace of paths 
which end at the basepoint of B and the other maps are the the obvious inclusions 
and projections. The inclusion jo is a homotopy equivalence 6 , Prop.2.5(ii)] and we 
have denoted a homotopy inverse by sq. Let Hoc ■ ^IB auti(X) x X ^ X denote the 
holonomy action of the universal X-fibration. Then Tij ~ TCoo ° {^h x Ix) by the 
naturality of the holonomy action with respect to pull-backs TO, Prop. 11. 4]. Taking 
adjoints, we obtain Hoc ° ^h- Finally, Hoo ^ djj : ilB auti(X) auti(X) by 

Stasheff's formulation of the classification theorem in terms of parallel transports 
j2Uj : the maps du and iJoo are transports giving the same principal auti(X)- 
fibration (namely, the universal one) and hence are homotopic. 

On p. 419], the authors obtain a Sullivan model for the diagram flB x X 

PB E X occuring in the definition of the holonomy action Ti.^. In our 
notation, this is a diagram of DG algebras 




K{W®V),d^ 



k{W ®W ®V),dE ^ KV, dx- 



The differential dx is given by dx{v) — dx{v) while dx{W) — 0. The differential 
d_E satisfies dsix) = dsix) for x G W (B V. The differential ds on W <E W is 
determined by the (push-out) construction involved. Tracing this through, we see 
dsiw) —w € J where J is the ideal of h.[W ®W ®V) generated by decomposables 
in K{W ®W). The maps I and J are projections. A DG algebra map 5": KV,dx — * 
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A(14^©W©F), (Ie with So J — l^y exists by the standard hfting lemma for minimal 
models (cf. |S1 Lem.12.4]). The map 5 is a Sullivan model for the equivalence sq and 
loS is one for "H. Given x e write S{x) = X+Y.j'ujjOj{x)+J2j Wjfjix)+Cs{x) 
for Cs{x) £ J- Using the fact that 5* is a map of algebras, we obtain that 9j S 
Der|^^.|_i(AV", AV; 1) and ifj G Der|^^.|(Ay, AV; 1). Using the fact that S' is a chain 
map and dE{J) C we obtain Di^{6j) — while Di^{(pj) — 6j — 9j. Thus 

^Hiw*)^{e,) = {e,) = e^iw*). □ 

Remark 3.3. The holonomy representation of f is the action of the homotopy Lie 
algebra tt* (UB) (8)Q on {X; Q) induced by the holonomy action : VlB xX X 
(cf. p. 415]). Define the "induced derivation" map /: iJ,(Der(AF, AF; 1)) 
BeT^{H*{X;Q),H*{X;Q);l) by setting l{{0)){{x)) = {0{x)) for a derivation 
cycle and x a cycle of AV, dx- It is easy to check / is well-defined. By Theorem 13. 21 
and Th.31.3], we see I o S^: Hom,(VF,Q) ^ Bei4H*{X;Q),H*{X;Q);l) is 
dual to the holonomy representation (up to sign). 



4. The Rationalized Gottlieb Sequence 

The Gottlieb sequence is a P-local invariant of the fibre-homotopy type of fibra- 
tions of simply connected finite type CW complexes, provided the fibre is a finite 
complex. This fact follows directly from isomorphisms G„(X) ® Zp = Gn{Xp) 
[E! and GniE,X;j)(g)Zp = Gn{Ep,Xp;jp) Tf. We define the F-local Gottlieb 
homology GHn{^;Zp) of a fibration by setting GHn{£_; Zp) = GHn{£,p). We will 
focus exclusively on the rational case here. We say a fibration ^ is rationally Got- 
tlieb trivial if the sequence splits into short exact sequences in each degree after 
tensoring with Q. 

Consider, again, a fibration X ^ E ^ B with X a finite complex and 
classifying map h: B ^ Bauti(Ar). We wish to compare the condition that ^ 
is rationally Gottlieb trivial, with that of the vanishing of (/ij)q. Since both of 
these conditions imply ^ is rationally weak-homotopically trivial, that is, that the 
rationalized connecting homomorphism (9|j)q = 0, we may assume this condition 
holds for ^. In this case, the rationalization of the Gottlieb sequence for ^ breaks 
up into three-term sequences at each degree n > 2 of the form 

(6) ^ Gn{X) ® Q Gn{E, X-j) ® Q ^„(B) ® Q ^ 0. 

Moreover, the model of the total space of the fibration given in jSJ for ^ is a minimal 
DG algebra: tW^, = A{W © V), ds ^, Prop. 4. 12]. As above, we have dsiw) = 
dgiw) while, for x e AV, dsix) = dxix) + J2j ^j^jix) + Be{x) where Be{x) is in 
the ideal I of A{W © V) generated by decomposables in AW. The maps J: A{W © 
V),dE AV,dx and P: AW^ds A(M^©T^), are Sullivan models for j and p, 
respectively. They induce linearization maps Q{J) '■ W (BV ~* V and Q{P) '■ W 
W®V (see p.171]) which in turn induce maps Q{J)* : IIom„(U, Q) IIom„(M^© 
V, Q) and Q(P)* : Hom„(VF ®V,Q) ^ Hom„(W, Q) by taking duals. These maps 
correspond, under the identifications ^x,^e,^b of Theorem 13.11 to the maps 
induced on rational homotopy groups by j and p. 

Composition with e : AV Q induces a chain map e* : Der„(A(VF©y), AV"; J) 
Der„(A(M^ffiy), Q; e). The minimality of A^b, implies H„(Der(A(V[^©y), Q; e)) ^ 
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Honi„(H^ V, Q) and so we obtain a map 

H{e,): Hn(DeT{A{W ®V),AV;J)) Hom„(A(VK © F), Q). 

Define the nth rationalized evaluation subgroup of J by 

GniAiW ® V),AV; J) - ini(i/(e,)) 

for n > 2. Thus w* £ Honi„(P^,Q) is in the subspace G„(A(W © T/),AF; J) 
if and only if w* extends to a J-derivation 6 of degree n with D,j{9) = 0. We 
write G'„(AV') = GniAV, AV; 1) and call this the nth rationalized Gottlieb group of 
Ay, dx ■ We then obtain a sequence 

(7) ^ GniAV) Gn{A{W © y), Ay; J) ^i^* Hom„ (W^, Q) ^ 

for each n > 2. The following is a direct consequence of |151 Cor. 2. 2]. 

Theorem 4.1. Let ^: X ^ E ^ B be a fibration of simply connected, finite type 
CW complexes with X finite and {^f^)Q — 0. Then, for each n > 2, the sequence © 
is equivalent to the sequence Q). □ 

Using these identifications, we extend the result above for spherical fibrations 
(Theorem 1^21 to the following: 

Theorem 4.2. Let ^ : X E ^ B he a fibration of simply connected, finite type 
CW complexes with X finite and classifying map h: B —>B auti(X). The following 
are equivalent: 

(1) (/ij)q = 0: 7r„(B) (g)Q ^ 7r„(B auti (AT)) ® Q /or each n > 2, 

(2) ^ is rationally Gottlieb trivial. That is, we have short exact sequences 

Gn{X) ® Q Gn{E, X;j) ® Q ^„(B) Q 

for each n > 2, 

(3) (pij)q : Gn{E, X; j)®Q^ 7r„(B) Q is surjective for all n>2. 

Proof. We begin with the implication (1) => (2). By virtue of Theorem 12.41 we 
need only show exactness at the middle term, that is, that Gi?*(^;Q) = 0. For 
this, suppose that G Der„(A(Vy © V), AV; J) is a Dj-cycle for which there exists 
V G V with ipiv) = 1. (This corresponds to an element x e Gn{E, X; j) ® Q with 
(pu)q(x) = 0.) We may also assume that i^iwj) — for \wj\ < n. Write D for 
the differential in Der*(Ay, AV; 1). We wish to find a L»-cycle 6 G Der„(Ay, AV; 1) 
that satisfies 6{v) = 1. (This corresponds to the element x G Gn{E, X; j)<E)Q being 
in the image of G„(A') (g) Q under (ju)Q.) As a first approximation to such a 0, 
consider the derivation tpx S Der„(Ay, Ay; 1) obtained by simply restricting t/j to 
Ay. Since Dj{iIj) = 0, for x G Ay we have 

- i?j(^)(x) = dx^(x) - (-l)>d£(x) 

= rfxV'(x) - (~i)"v^(ix(x) - {-ir^J2'^,e,{x) + BEix))- 

j 

Since i/; is a J-derivation, and J(W) = 0, we have ^{wj9j{x)) = ijj{wj)9j{x) and 
ii){BE{x)) = 0. This yields the identity 

(8) = D{^x){x) - (-l)"^^(u;,)e,(x). 
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The sum on the right-hand side is thus an obstruction to ipx being a I?-cycle, 
as we would wish. With our hypothesis on the classifying map, we may over- 
come this obstruction as follows. Since {h^)q = 0, Theorem 13.21 implies that 
each 9j G Der|„,^|_i(Ay, AV^; 1) is a D-boundary: 9j — D{ipj) for some ipj G 

Der|u,^|(Ay, AF; 1). For each j, define derivations 9j G Der„_i(Ay, AF; 1) and 
^ G Der„(AV", AV"; 1) by setting 

Sjix) = V'K)6'j(x) and ^{x) = V'KOv'ilx) 

for X G Ay. Since V is a J-derivation and a Dj-cycle, and since J{W) = 0, we see 
easily that dx{i'{,Wj)) = 0. Using this, a straightforward computation leads to the 
identity 

(9) D{^) = (-1)1-^1-"^-. 

Now set 9 — tpx — ^ Der„(AV^, Ay; 1). Since '4^{wj) is never scalar, 

we have 9{v) = 1. The identities ((SJ and Q now give D{9) — 0, as required. 

The implication (2) (3) is immediate. We prove (3) =J> (1). By Theo- 
rem it suffices to show that each of the derivations 9j G Der|j„ .| (AV, AF; 1) 
are Z)-boundaries. Let {wjjj^j be a well-ordered homogeneous basis of W. Be- 
cause (pii)q is surjective, each w* G Homj„,^|(PF, Q) extends to a J-derivation 
r]j G Der|^^|(A(W^ © V),AV; J) with Dj{rij) = and r]j{wj) = 1. Without loss of 
generality, we may suppose that rij{'Wi) = for i < j and that rjj{wi) is of positive 
degree (or zero) for i > j. 

For each j, let r]j^x G Deri^, .| (AV^, AV^; 1) denote the derivation obtained by 
restricting rjj to AV^. Then we have, for each j, 

(10) D{{-l)\-^%,x) - 0, + rj,{w,+,)9,+^ + v,{w,+2)9,+2 + ■■■■ 

This is simply a re- written version of above. Now choose a particular 9r- We 
will show that we may add a suitable D-boundary to (|10|) , so as to remove the terms 
from the right-hand side other than 9r. For this, we suppose inductively that, for 
each fc > 1, we have a derivation (pk^ G Der|^^| (AV, AF; 1) such that 

k-l 

(11) L'((-l)l'"'-l?7^,x -J2'fit)=0r+ Cr+kOr+k + Cr+k+lOr+k+l + ' ' ' , 

t=l 

with each c,.+s G AV, of degree |cr+s| — |w,+s| — \wr\, a sum of terms in A~^V each 
of the form 

ior r < pi < p2 < ■ ■ ■ < Pi < r + s. 

For the inductive step, define Ipk = {—iy'^''^Cr+kVr+k,x- Since each rjj is a J- 
derivation and a Dj-cycle, and since J{W) = 0, we have that dx{'rij{wi)) = for 
i > j. It follows that dx{cr+s) — for each s. Then 

D{^k) = {-l)^'"^^''^Cr+kD{Vr+k,x) 

= Cr+k{9r+k + 11r+k{'Wr+k+l)dr+k+l + Vr+k{'Wr+k+2)dr+k+2 + ■■■), 
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from with j ~ r -\- k, and hence we have 

k 

D{{-l)\'^^\rir^X - X!^) =^r+ {Cr+k+l - Cr+krir+k{Wr+k+l))0r+k+l 
t=l 

+ {cr+k+2 — Cr+kVr+k{Wr+k+2))0r+k+2 + ' ' ■ ■ 

The coefficients Cr+k+s ^ Cr+kVr+kiwr+k+s) of each 9r+k+s ill this expression are 
of the required form, and the inductive step is proven. Induction starts with fc = 1, 
where we have (|10|l for j ~ r (take ^ = 0). 
By induction, we may write 

t>l 

Notice that each ^ is a derivation, and that, for any given x G we have 

'iftix) = for all but a finite number of t. Indeed, since rir+k,x, used in the 
definition of ipk, decreases degree by we will have ^(x) — for all t with 

|ii'r+t| > Ixl- The infinite sum is "locally finite," therefore, and defines a derivation. 
This proves that each 9r is a D-boundary in Der|^^| (AV, AF; 1), as required. □ 

Theorem 14.21 provides a link between the rationalized Gottlieb sequence and 
well-known results on rational L-S category. Let cato(X) denote the rational L-S 
category of the space X, that is, cato(X) = cat(XQ) where Xq is the rationalization 
of X and cat(X) denotes the ordinary L-S category of X. 

Corollary 4.3. Let ^ : X ^ E ^ B he a fibration of simply connected, finite type 
CW complexes with X finite. If ^ satisfies one of the three equivalent conditions of 
Theorem \4-.^ then 

(1) dimiGodd{E,X;j)®Q) <cato{X) + dim{TToddiB)(g,Q), 

(2) Geven iE,X;j)®Q^ TT,^en (B) ® Q. 

If, further, B has finite- dimensional rational homotopy then 

(3) cato(S) > cato(X) + cato(B). 

Proof. The first two results are direct consequence of Th.III] and condition (2) 
of Theorem l4.2l . For the third result, observe that if {ft.j|)Q = 0, then by Remark l?31 
the holonomy representation of ^ is rationally trivial. The result in this case follows 
from [HI Th.2]. □ 

With rational techniques now at our disposal, we may rapidly add to the store 
of illustrative examples begun in the integral setting above. The following provides 
a further example of a weak-homotopically trivial fibration that is not Gottlieb 
trivial. 

Example 4.4. Consider a fibration of the form ^: CP^ A iJ A S''. Any such 
fibration admits a section and, in particular, is weak-homotopically trivial. This 
follows by reasoning as in Example 12.61 using the fact that 7r3(CP^) — 0. Now 
consider classifying maps for such a ^. These are elements of 714(6 auti(CP^)) = 
7^3(map(CF^Cp2; 1)). Let AV,dx = A(t;2,'y5), with dxM = and dxivs) = wf, 
denote the minimal model of CP^. Then the derivation 9 G Der3(Ay, AF; 1), de- 
fined by 9{v2) = and ^(ws) — V2, gives a non-zero class in i?3(Der(Ay, Al^; 1)). 
Hence, 7r3(map(CP^, CP^; 1)) (g) Q is non-zero and so 7r4(B auti(CP^)) contains 
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elements of infinite order. Choose h: Bauti(CP^) to be any map that 

represents a class of infinite order. Since (/i#)q ^ 0, by Theorem 14.21 we have 
(p#)q: G^{E,CP'^;j) Q ^ 7r*(S'^) (g) Q is not surjective. We conclude that 
p#: G*(i?, CP^;j) 7r*(S'^) cannot be surjective. 

It is perhaps interesting to note that the minimal model of ^ is determined by 
the requirement that its classifying map be non-trivial rationally. Write Ms^ = 
A(w4, Wf) with dsiwA) = and dsiw^) = w\. Then any fibration with base S** and 
fibre CP^ has minimal model of the form A(it;4, 107), c?b — > A(w4, 1(77, 1)2, 1's), c^b ^ 
A(w2, dx- The only possible "twisting" of the differential d^, for degree reasons, 
is of the form dsiv^) = + CW4V2, for c G Q. If c = 0, then the fibration is 
rationally trivial; we have {p^)q: G^,{E,CP'^; j) ® Q ^ 7r*(S''*) ® Q surjective, 
as is easily checked by the methods of this section; and hence by Theorem 14.21 
its classifying map is rationally trivial. If we assume this is not the case, then the 
minimal model of the fibration is determined, up to isomorphism, by the differential 

dsM = 1^2 + W4V2. 

Our final example illustrates that the dimension of the Gottlieb homology and 
thus that of the rationalized evaluation subgoup of a fibre inclusion can be arbi- 
trarily large even when the dimension of G^.{X) (3 Q and 7r»(i?) (g) Q are small. 

Example 4.5. Let n,k > be any odd integers. We construct a rational fi- 
bration : Xq Eq, ^ where X has the rational homotopy type of 
a finite complex with dim(G*(X) (g) Q) = 1 such that dim(Gi?fc(^Q)) = n. Let 
V = Q{vi, . . . , Vn+i,u) where each Vj is of degree k and |u| = k{n -|- 1) — 1. Define 
dx on AV by setting dx{vi) = and dx{u) — V1V2 ■ ■ ■ Vn+i- Note that KV, dx is an 
elliptic model and so may be realized as a finite complex X . Define a K.S. model 

A(wfe„), Km-wkn) ®V),dE AV, dx 

by setting dsiu) = V1V2 ■ ■ -Vn+i + WknVn+i with dE^Wkn) = dsivi) = for i = 
1, . . . ,n. We show each v* G Homfe(y,Q) extends to a J-derivation cycle for i = 
1, . . . ,n. Define Vi G Der(A(Q(wfe„) ® V),AV; J) by setting ^,{vi) = l,A{vj) = 
ipi{u) = for j ^ i and ipi{wkn) = —V1V2 • • • • • • w„. It is easy to check Dj{ipi) = 

as needed. Visibly Gj(X)(g)Q = for j ^ fc(n+ 1) - 1 while Gk(n+i)-i{X)<S>Q = Q. 
Thus dim(Gi?fe(CQ)) = n. 
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